Introduction and preliminaries
The operation of composition of homotopy classes is of fundamental importance in homotopy theory. For example, Toda's classic book on homotopy theory is called 'Composition Methods in the Homotopy Groups of Spheres' [To1] . In this paper we investigate a special case of the composition operation. We consider a based space X and homotopy class [X, X] of maps of X into itself. The composition of homotopy classes gives a binary operation on this set. We then study the subset Z ∞ (X) of [X, X] of homotopy classes which induce the zero homomorphism on all homotopy groups. The composition operation in [X, X] determines semigroup structure on Z ∞ (X) with zero given by the homotopy class of the constant map. We prove that if X is a finite complex, then this semigroup is nilpotent. Thus there is a positive integer n (depending on X) such that the product of any n elements of Z ∞ (X) is zero. The smallest such integer is called the nilpotency of Z ∞ (X) and is denoted by t ∞ (X). In addition, for a finite complex X, we consider the subset Z(X) of [X, X] consisting of all homotopy classes which induce the zero homomorphism of homotopy groups in dimensions ≤ dim X. The nilpotency of the semigroup Z(X) is denoted by t (X). Then t ∞ (X) and t (X) are numerical invariants of the homotopy type of X. In this paper we study t ∞ (X) and t (X) as well as the sets Z ∞ (X) and Z(X).
After some generalities, we relate these numerical invariants to other numerical invariants in Section 3. A known invariant is the spherical cone length of X, denoted cl s (X). This is the minimum number of steps it takes to build X from a point by attaching cells (i.e. cones on wedge of spheres). We introduce a new invariant kl s (X) called the spherical killing length of X by an inverse process. The integer kl s (X) is the minimum number of steps it takes to go from X to a point by attaching cells. We prove that for a finite complex X, t ∞ (X) ≤ kl s (X) ≤ cl s (X), providing us with a computable upper bound for t ∞ (X). In Section 4 we completely determine t ∞ (X) and t (X) where X = M(G, n) is a Moore space with G a finitelygenerated abelian group. This gives an example where t ∞ (X) < t (X). Up to this point we have not seen any spaces X with t (X) ≥ t ∞ (X) ≥ 3 and so in Section 5 we look for spaces with large nilpotencies. An easy argument with the composition of Steenrod squares gives spaces X (which are products of Eilenberg-MacLane spaces) with t ∞ (X) arbitrarily large. To find finite complexes with this property we consider products of spheres. We prove that for any integer there is a product of spheres X with ≤ t ∞ (X) ≤ t (X). This leads to a discussion of products of spheres in Section 6. We obtain fairly complete information for a product of two and three spheres and then consider a product X of r spheres. By calculating the spherical killing length of X, we show that t (X) ≤ log 2 (r + 1). This provides a good upper bound for t (X) and t ∞ (X). We then obtain a lower bound for t ∞ (X) suitable only for certain products of r spheres by using some results in stable homotopy theory. We conclude the paper by showing that the above inequalities between nilpotency, spherical killing length and spherical cone length could be strict.
For the remainder of this section we give our notation and conventions which are standard in homotopy theory. All topological spaces are based and connected and have the based homotopy type of a CW-complex of finite type. All maps and homotopies are to preserve base points. Same homotopy type of spaces is denoted by '≡'. We do not usually distinguish notationally between a map and its homotopy classes. For spaces X and Y , [X, Y ] denotes the set of homotopy classes of maps from X to Y . We let ' * ' denote the base point of a space or the space consisting of one point. We shall use '0' for the trivial map (or homotopy class) and id for the identity map of a space. Unless otherwise stated a wedge of spheres will mean a wedge of finitely many spheres each of dimension ≥ 1.
For an abelian group G and an integer n ≥ 2 (n ≥ 1 if G is free-abelian), we let M(G, n) denote the Moore space of type (G, n) , that is, the space with a single non-vanishing reduced homology group G in dimension n. The set [M(G, n) , X] has a group structure and is denoted by π n (G; X); it is called the nth homotopy group of X with coefficients in G. There is then a short exact sequence which relates this group to the homotopy groups of X and which we state in Section 4. A map f : X → X induces a homomorphism of homotopy groups f # : [Hi, p. 14] and q : X → X/f (A) = Q is the projection onto the quotient. It is well known that this cofibre sequence is homotopically equivalent to the sequence
where C f is the mapping cone of f and j is the inclusion into the mapping cone.
Semigroups of self-homotopy classes
We begin with some familiar algebraic definitions. 
Note that we write Z(X, Y ) or Z(X) only in the case where X is a finite complex. The composition of homotopy classes yields a binary operation in Z(X) and Z ∞ (X). We then have the following.
In Section 3 we will prove the following. 
We sometimes refer to t ∞ (X) or t (X) as the nilpotency of the space X.
In this paper we study t ∞ (X) and t (X) when X is a finite complex.
Remarks 2.6.
(1) Within the framework of stable homotopy theory, the set Z(X, Y ) has been previously considered by Christensen [Ch] . He calls the elements of Z(X, Y ) ghosts. (2) There is an interesting connection between Z(X, Y ) and the generating hypothesis in stable homotopy theory [Fr] . The latter, which is a conjecture, states that if f : X → Y is a map of finite complexes which is trivial on stable homotopy groups, then f is stably trivial. This can be interpreted as the assertion that a stable version of Z(X, Y ) is always trivial. We shall see that this is not so for Z(X, Y ). (3) An analogous notion to nil Z ∞ (X), namely the nilpotency of the semigroup of [X, X] consisting of homotopy classes which induce zero on all homology groups, has been studied by Curjel [Cu, Corollary 4.3] . To our knowledge the nilpotency of Z(X) and Z ∞ (X) has not been previously considered.
The following lemma, whose proof is immediate, will be used repeatedly.
Cone length, killing length and nilpotency
In this section we prove Proposition 2.4 by finding an upper bound for nil Z(X). We begin with some definitions.
Definition 3.1. A spherical decomposition of length n consists of a sequence of cofibre sequences
where L i is a wedge of spheres. If, in the spherical decomposition of length n, X 0 ≡ * (i.e. X 0 is contractible) and X n ≡ X, then this is called a spherical cone length decomposition of X of length n. If, in the spherical decomposition of length n, X 0 ≡ X and X n ≡ * , then this is called a spherical killing length decomposition of X of length n. Although our spaces are connected, we do allow the wedge of spheres L i to contain 0-spheres in the case of a spherical cone length decomposition.
Spherical cone length decompositions and spherical killing length decompositions lead to the following numerical invariants.
Definition 3.2. Let X be a space.
(1) The spherical cone length of X, denoted cl s (X), is defined as follows. If X is contractible, set cl s (X) = 0. Otherwise, cl s (X) is the smallest integer n such that there exists a spherical cone length decomposition of X of length n. (2) The spherical killing length of X, denoted kl s (X), is defined as follows. If X is contractible, set kl s (X) = 0. Otherwise, kl s (X) is the smallest integer n such that there exists a spherical killing length decomposition of X of length n.
Remarks 3.3.
(1) The notions of spherical cone length decomposition and spherical cone length have been studied (see [Co, Section 1] ). An example of a spherical cone length decomposition is given by a cellular decomposition of a CW-complex. In a general spherical cone length decomposition of X, the space X is built in stages from * by a sequence of steps consisting of attaching cells of any dimensions to obtain the next stage. The smallest number of steps required to do this is the spherical cone length of X. (2) The notions of spherical killing length decomposition and spherical killing length appear to be new. In a spherical killing length decomposition of X, the space X is destroyed (i.e. made contractible) by a sequence of steps which consists of attaching cells of any dimensions to a stage to obtain the next stage. The smallest number of steps required to do this is the spherical killing length of X. We also note from the results in Section 1 that the cofibre sequences in Definition 3.1 could be replaced by mapping cone sequences. That is, a spherical decomposition of X could be defined as a sequence of mapping cone sequences
with L i a wedge of spheres, X i+1 = C g i the mapping cone of g i and j i the inclusion map.
The following is the main result of this section.
If all the spheres which appear in a minimal spherical killing length decomposition of X have dimension less than or equal to dim X, then the above inequalities hold with t (X) replacing t ∞ (X). This is always the case if X is simply-connected (see Proposition 3.8).
Proof. We first suppose kl s (X) = n and show t ∞ (X) ≤ n. Assume that there is a spherical killing length decomposition of X of length n and let a 0 , a 1 , . . . , a n−1 ∈ Z ∞ (X). We show a n−1 · · · a 1 a 0 = 0. Let θ : X 0 → X be a homotopy equivalence and consider the following diagram (with maps a n to be defined later) : X] , and so a 1 a 0 g 1 = 0 by Lemma 2.7. Thus there is
Since X n is contractible, a n−1 · · · a 1 a 0 θ = 0, and so a n−1 · · · a 1 a 0 = 0. The second assertion of the theorem regarding t (X) is an immediate consequence of the proof.
To establish the second inequality, let cl s (X) = m. By Remark 3.3, we assume that there are mapping cone sequences
with L i a wedge of spheres, j i the inclusion of X i into X i+1 = C g i , X 0 ≡ * and X m ≡ X. The j i give a sequence of inclusions
and hence m cofibre sequences
where the reduced suspension L i is a wedge of spheres. Furthermore,
But X 0 ≡ * , and so it follows that X(0) ≡ X m ≡ X. Thus we have constructed a spherical killing length decomposition of length m. ✷ Remark 3.5. We shall give examples in Example 6.8 to show that the inequalities in Theorem 3.4 could be strict.
The following corollary establishes Proposition 2.4.
COROLLARY 3.6. If X is a finite complex with positive dimensional cells in exactly t dimensions, then t (X) ≤ t.
Proof. The cellular decomposition of X is a spherical cone length decomposition of length t. ✷ COROLLARY 3.7.
(
Proof. The first assertion follows from Corollary 3.6. The second is based on the fact that cl s (S n 1 × · · · × S n r ) ≤ r by the work of Porter [Po, Theorem 2.6] . ✷
In later sections we obtain more precise information on t (X) for the spaces in Corollary 3.7. We conclude this section with the following proposition. PROPOSITION 3.8. If X is a simply-connected complex of dimension ≤ r and kl s (X) = n, then there exists a spherical killing length decomposition of X of length n with each wedge of spheres having dimension ≤ r.
Proof. We assume that
is a spherical killing length decomposition n. Since X is simply connected, it follows that the X i are simply-connected. We prove that there exists a spherical killing length decomposition
of X of length n with dim A i ≤ r. We first show by induction that, for each j = 0, 1, . . . , n − 2, there is a cofibration
such that A j is a wedge of spheres of dimension < r, X 0 ≡ X, X j +1 is a simplyconnected complex of dimension ≤ r and there exists a map g j +1 : X j +1 → X j +1 which is a homology isomorphism in dimensions < r and a homology epimorphism in dimension r. For j = 0, set X 0 = X 0 and define A 0 to be the subspace of A 0 of spheres of dimension < r. We let f 0 be the composition A 0 → A 0 f 0 → X 0 = X 0 and let X 1 be the mapping cone of f 0 . Then the map X 0 → X 1 clearly extends to a map g 1 : X 1 → X 1 with the properties we want. Now suppose the inductive hypothesis holds for j = i − 1. We let A i be the wedge of those spheres in A i of dimension < r. We consider the diagram
is an isomorphism for t < r, there exist f i such that the diagram commutes. We let X i+1 be the mapping cone of f i . Then g i induces g i+1 : X i+1 → X i+1 such that the following diagram commutes
By considering the long exact homology sequences of these cofibrations we easily establish the inductive condition for g i+1 . This completes the induction. Thus we have n − 1 sequences
with the desired properties. In addition, X n−1 is a simply-connected complex of dimension ≤ r and there is g n−1 : X n−1 → X n−1 which induces homology isomorphisms in dimensions < r and a homology epimorphism in dimension r. Since H t (X n−1 ) ≈ H t (X n−1 ) for t < r, X n−1 is a wedge of spheres and X n−1 has dimension ≤ r, it follows that X n−1 has torsion free homology. Assume that X n−1 and X n−1 have been given CW structures with a minimum number of cells. Therefore, the k-skeleton (X n−1 ) k of X n−1 carries all of the homology of X n−1 in dimensions ≤ k.
n−1 is a wedge of spheres (of dimension < r) and X n−1 is obtained from (X n−1 ) r−1 by attaching r cells by maps S r−1 → (X n−1 ) r−1 . But it easily follows that these attaching maps are zero, and so X n−1 is a wedge of spheres. Therefore, for the last cofibration in the desired spherical killing length of X we take A n−1 = X n−1 and f n−1 = id. ✷
Calculations: Moore spaces
In this section we calculate t (X) and t ∞ (X) when X is a Moore space M(G, n) with G finitely-generated and n ≥ 3. We begin with a simple lemma.
LEMMA 4.1. If X is any space and A ⊆ X is a retract, then t ∞ (A) ≤ t ∞ (X). If in addition A and X are finite complexes and dim A = dim X, then t (A) ≤ t (X).
Proof. Let i : A → X be the inclusion and r : X → A the retraction. Then we obtain a function θ :
Since θ is a monomorphism, the result follows. ✷
The following corollary is an immediate consequence.
COROLLARY 4.2. For any space X and X ,
If X and X are finite complexes and dim X ≤ dim X , then
t (X ) ≤ t (X ∨ X ).

Now we turn to Moore spaces M(G, n)
, where G is a non-trivial, finitelygenerated abelian group and n ≥ 3. By Corollary 3.7, t (M(G, n)) ≤ 2 and t (M(G, n)) = 1 when G is torsion-free. We first determine Z(M (G, n) ) when G is a finite group.
PROPOSITION 4.3. If G is a finite abelian group and X = M(G, n), then there is a bijection Z(X) ≈ Ext(G, G ⊗ Z 2 ).
Proof. Consider the exact sequence for homotopy groups with coefficients [Hi, Ch. 5 
Now we determine the nilpotency of Moore spaces. THEOREM 4.5. Let G be a non-trivial finitely-generated abelian group and n ≥ 3. Then
Proof. Let X = M(G, n) and let G = F ⊕ T , where F is a free abelian group and T is a torsion group. Let
Then by Corollaries 4.2 and 4.4,
Therefore, t (X) = 2 when G has 2-torsion.
Finally, suppose that T = 0 and T has no 2-torsion. Write X = M 1 ∨ M 2 as above and suppose that ϕ ∈ Z(X). Ba2, and T has no 2-torsion. Therefore, ϕ 12 = 0. So ϕ ∈ Z(X) is zero if and only if ϕ 22 ∈ Z(M 2 ) is zero. But ϕ 22 = 0 by Corollary 4.4. Hence Z(X) = 0 and so t (X) = 1 in this case. ✷ Thus we see that if G has no 2-torsion, then t ∞ (M(G, n)) = 1, but if G has 2-torsion, then t ∞ (M(G, n)) could be 1 or 2. We next show that it is always 1 for n ≥ 4. This is based on the following lemma.
Proof. The proof of the following result can be adopted to prove Lemma 4.6. If [AM, Theorem 3.8] . However, we shall use this result to prove Lemma 4.6. Let f : M(G, n) → M(G, n) be as in Lemma 4.6. We write (G, n) ) for i ≤ n + 2. Hence id +f = id by the above result, and so f = 0. ✷ COROLLARY 4.7. For any finitely-generated G = 0 and n ≥ 4, t ∞ (M(G, n)) = 1.
Remark 4.8. Theorem 4.5 and Corollary 4.7 show that there are spaces X with t ∞ (X) < t (X).
Spaces of large nilpotency
From the examples and inequalities we have given, it is not clear that any space X has t (X) or t ∞ (X) greater than 2. In this section we show that there are spaces of arbitrarily large nilpotency. We give a general method for constructing such spaces based on the following proposition.
PROPOSITION 5.1. Suppose there exist spaces and maps
Then θ ∈ Z ∞ (X) and θ n−1 = 0. ✷ Example 5.2. Let (i 1 , . . . , i n ) be an admissible sequence for Steenrod squares [ES, so that Sq i 1 · · · Sq i n = 0. Fix k ≥ 2 and regard Sq i j as a map of EilenbergMacLane spaces
then t ∞ (X) ≥ n + 1 by Proposition 5.1. A similar argument holds for Steenrod pth powers.
In Example 5.2 we have constructed spaces with arbitrarily large nilpotency t ∞ . However, these spaces are not finite complexes. The next example gives finite complexes with arbitrarily large nilpotency. First we need a lemma.
where
We repeat this process, getting A k , A k−1 , . . . , A 1 , A 0 , where each A r is a sequence of 2 r integers defined above from A r+1 and depending on the choice of permutation π r : {1, 2, . . . , 2 r } → {1, 2, . . . , 2 r }. Set
where A r = (m 1 , m 2 , . . . , m 2 r ). Let π = π r and let q : S m × S n → S m+n generically denote the projection of Lemma 5.3. Now define f r : X r → X r−1 as the composition
By Lemma 5.3, f r ∈ Z ∞ (X r , X r−1 ). We consider the map
Remarks 5.5.
(1) Although the notation in Example 5.4 is somewhat cumbersome, the construction is simple. For example, by taking A 2 = (2, 7, 6, 4), A 1 = (8, 11) and A 0 = (19), we have that
(2) Although Proposition 5.1 gives a lower bound for t ∞ (X), it also provides a lower bound for t (X) when X is a finite complex since t ∞ (X) ≤ t (X). In particular, in Example 5.4, t (X) ≥ k + 1. (3) If X is the space of Example 5.4, then t (X) ≤ k + 1 by Proposition 6.2 since X is a product of 2 k + 2 k−1 + · · · + 2 + 1 = 2 k+1 − 1 spheres. Thus t (X) = t ∞ (X) = k + 1.
Calculations: products of spheres
In this section we obtain detailed information on t (S m 1 × · · · × S m r ), the nilpotency of a product of spheres. We first settle the case of a product of two spheres.
, then βj = 0, and so there exists an α ∈ π m 1 +m 2 (S m 1 × S m 2 ) such that q * (α) = β. Hence q * is onto. To show q * is one-to-one, consider the Puppe sequences of the cofibre map j :
Since k is the suspension of the Whitehead product [ι 1 , ι 2 ] ∈ π m 1 +m 2 −1 (S m 1 ∨ S m 2 ), k * = 0. Thus Ker q * = 0, and so it follows that q * is one-to-one [Hi, Theorem 15.6] . Therefore q * :
is a bijection. The result follows from Corollary 3.7. ✷ Note that t (S 1 × S 1 ) = 1, but that it is usually the case that t (S m 1 × S m 2 ) = 2. To discuss the product of more than two spheres we introduce some notation. Let n 1 , n 2 , . . . , n r be a fixed sequence of integers ≥ 1 and let P r r = S n 1 × · · · × S n r be the product of spheres. We consider the following subsets of P r r for 0 ≤ i ≤ r: P r i = {(x 1 , . . . , x r ) | at least r − i coordinates of (x 1 , . . . , x r ) equal the base point}.
Thus P r 0 = * and P r 1 = S n 1 ∨ · · · ∨ S n r . Also P r r−1 is the fat wedge of S n 1 , . . . , S n r . We obtain an upper bound on the nilpotency of S n 1 × · · · × S n r by calculating the spherical killing length. For this we will use the following two known results. [Ha, Theorem 5.2, p. 28] . If r ≥ 2j − 1, then P r r /P r r−j is a wedge of spheres. [Ba1, Korollar, p. 25] . If r ≥ 2t − 1, then P r 2t −1 /P r t −1 is a wedge of spheres.
Result of Hardie
Result of Baues
PROPOSITION 6.2. Let r ≥ 3 and choose the smallest integer k ≥ 2 such that r ≤ 2 k − 1. Then kl s (S n 1 × · · · × S n r ) ≤ k, and so t (S n 1 × · · · × S n r ) ≤ k.
Proof. We write P j for P r j and construct a spherical killing length decomposition of P r = S n 1 × · · · × S n r as follows:
. . .
In the first k − 1 sequences, the space P 2 i −1 /P 2 i−1 −1 on the left, i = 1, . . . , k − 1, is a wedge of spheres by the result of Baues. In the last sequence P r /P 2 k−1 −1 is a wedge of spheres by Hardie's result since r ≤ 2 k − 1. This proves the proposition. ✷ Remarks 6.3.
(1) If X is any space, then let ∪-length X denote the length of the longest non-trivial cup product in the cohomology of X relative to any ring of coefficients. It is not hard to show that if ∪-length X ≥ 2 n , then kl s (X) > n. From this it follows that if X is the product of spheres in Proposition 6.2, then kl s (X) = k. (2) The assertion in Proposition 6.2 that t (S n 1 × · · · × S n r ) ≤ k also follows from the work of Strom [St] on essential category weight.
PROPOSITION 6.4. Let r ≥ 2 and consider a sequence n 1 , n 2 , . . . , n r of r integers
If r = 3, then the hypothesis implies
Proof. Since π n i +n j (S n i × S n j ) = 0, then t ∞ (S n i × S n j ) = 2 by Proposition 6.1. By Corollary 4.2, 2 ≤ t ∞ (S n 1 × · · · × S n r ). The last assertion follows from Proposition 6.2. ✷ Proposition 6.2 gives a reasonable upper bound for the nilpotency of a product of spheres. To obtain the nilpotency more precisely we would like to have a lower bound. This appears to be more difficult. We content ourselves with some special cases. PROPOSITION 6.5. Let p be an odd prime, r = 2(p − 1) and t the largest integer such that
Proof. Let β 1 ∈ π pr−2+2p−1 (S 2p−1 ) be the element constructed by Toda [To2] . Then β 1 represents a non-zero element in the (pr − 2)-stem of the stable homotopy groups of spheres. We let β 1 denote any suspension of β 1 as well as the stable element they represent. If p ≥ 7, then Lee and Ravenel have shown that β p 2 −p−1 1 = 0 [LR] . In addition, for p = 3, β 5 1 = 0 and for p = 5, β 17 1 = 0 (see [LR] ). Thus for any odd prime p, if t is the largest integer such that 2 t ≤ p 2 − p, then β 2 t −1 1 = 0. Now set S = S pr−2 and S = S 2pr−4 and consider the projection q ∈ Z ∞ (S × S, S ) of Lemma 5.3. We define β : S × S → S to be the composition
We let i S denote the product of i copies of S and consider the composition where β i = × i β, the product of i copies of β. We shall show that the composition (6.6) is non-trivial by showing that it is stably non-trivial. For the remainder of the proof we do not distinguish equality from stable equality. Let W = S ∧ · · · ∧ S (2 t copies of S), χ : (2) We note that lower bounds for the nilpotency of a product of spheres can be obtained from either Example 5.4 (see Remark 5.5) or Proposition 6.5. Note too that if a product of spheres contains a subproduct of spheres for which a lower bound for the nilpotency is known, then that number is also a lower bound for the nilpotency of the product of spheres by Corollary 4.2. For example, if p and r are as in Proposition 6.5 with t = 2 and if X = S pr−2 × S pr−2 × S pr−2 × S pr−2 × S n 5 × S n 6 × S n 7 , then t ∞ (X) = t (X) = 3. It would be interesting to determine exactly the nilpotency of a product of four spheres and also to obtain lower bounds for the nilpotency of a product of r spheres, r ≥ 4.
We conclude the paper by showing by example that, for a finite complex X, the inequalities t (X) ≤ kl s (X) ≤ cl s (X) could be strict.
Example 6.8. For the first inequality, let X = M(G, n) be a Moore space, n ≥ 3, where G is a finite abelian group without 2-torsion. Then by Theorem 4.5, t (X) = 1. But if kl s (X) = 1, then X would have the homotopy type of a wedge of spheres, which is impossible. Thus t (X) < kl s (X). For the second inequality, let X = S n 1 × S n 2 × S n 3 . By Proposition 6.2, kl s (X) ≤ 2. But cl s (X) ≥ 3 can be seen from the following inequalities 3 = cat X ≤ cl(X) ≤ cl s (X), where cl denotes the cone length [Co, Section 1] and cat denotes the LusternikSchnirelmann category. Thus kl s (X) < cl s (X).
